We consider a manifold X obtained by a Kähler reduction of C n , and we define its "hyperkähler analogue" M as a hyperkähler reduction of T * C n ∼ = H n by the same group. In the case where the group is abelian and X is a smooth toric variety, M is a toric hyperkähler manifold, as defined in [BD], and further studied in [K1, K2] and [HS]. The manifold M carries a natural action of S 1 , induced by the scalar action of S 1 on the fibers of T * C n . In this paper we study this action, computing its fixed points and its equivariant cohomology. As an application, we use the associated Z 2 action on the real locus of M to compute a deformation of the Orlik-Solomon algebra of a smooth, generic, real hyperplane arrangement H, depending nontrivially on the affine structure of the arrangement. This deformation is given by the Z 2 -equivariant cohomology of the complement of the complexification of H (where Z 2 acts by complex conjugation), and we show that this invariant is strictly finer than the ordinary Orlik-Solomon algebra.
Let G be a compact, connected Lie group that acts linearly on C n with moment map µ : C n → g * , and let X = C n / / α G be the Kähler reduction of C n at a central regular value α ∈ g * . We consider the induced action of G on T * C n , which we identify with H n , and define the hyperkähler analogue of X to be the hyperkähler reduction M = H n / / / / (α,0) G at the regular value (α, 0) of the induced hyperkähler moment map µ HK : M → g * ⊕ g * C . This space M comes equipped with a natural action of S 1 , descending from the scalar action on the fibers of the cotangent bundle T * C n . The action is hamiltonian with respect to one of the symplectic structures on M, and the moment map Φ : M → R has the property that Φ −1 (0) ∼ = X. We discuss this general framework in Sections 1 and 2.
In Section 3 we restrict our attention to abelian groups, in which case X is called a toric variety, and M a hypertoric variety. 2 To define a toric variety of complex dimension d = n − k, one must specify an action of a torus T k on C n , and a regular value α ∈ (t k ) * . The torus is determined by an arrangement H of n cooriented hyperplanes in (t d ) * , and the regular value α is determined by an affinization of this set of hyperplanes, i.e. a translation of each hyperplane away from the origin. The property of α being regular corresponds exactly to the property of H being generic, i.e. never having more than k hyperplanes intersect in a three complex structures J 1 , J 2 , J 3 satisfying the usual quaternionic relations, in a manner compatible with a metric. We will see that these actions of J 1 , J 2 , J 3 , together with the metric, will give us also three symplectic forms. More precisely, Definition 1.1 A hyperkähler manifold is a Riemannian manifold (M, g) equipped with a triple (J 1 , J 2 , J 3 ) of integrable complex structures, each compatible with the metric g, such that J 2 1 = J 2 2 = J 2 3 = J 1 J 2 J 3 = −1.
Just as in the Kähler case, we can define three different symplectic forms on M as follows:
Note that the complex-valued two-form ω 2 + iω 3 is non-degenerate and covariant constant, hence closed and holomorphic with respect to the complex structure J 1 . Any hyperkäher manifold can therefore be considered as a holomorphic symplectic manifold with complex structure J 1 , real symplectic form ω R := ω 1 , and holomorphic symplectic form ω C := ω 2 +iω 3 . This is the point of view that we will adopt in this paper. We will refer to an action of G on a hyperkähler manifold M as hyperhamiltonian if it is hamiltonian with respect to ω R and holomorphic hamiltonian with respect to ω C , with G-equivariant moment map µ HK := µ R ⊕ µ C : M → g * ⊕ g * C .
Theorem 1.2 [HKLR] Let (M 4n , g) be a hyperkähler manifold with real symplectic form ω R and holomorphic symplectic form ω C . Suppose that M is equipped with a hyperhamiltonian action of a compact Lie group G, with moment map µ HK = µ R ⊕µ C . Suppose ξ = ξ R ⊕ξ C is a central regular value of µ HK . Then there is a unique hyperkähler structure on the hyperkähler quotient M/ / / / ξ G := µ −1 HK (ξ)/G, with associated symplectic and holomorphic symplectic forms ω ξ R and ω ξ C , such that ω ξ R and ω ξ C pull back to the restrictions of ω R and ω C to µ −1 HK (ξ). If ξ ∈ g * ⊕ g * C is fixed by the coadjoint action of G, the inverse image µ −1 C (ξ C ) is preserved by G, and is a symplectic submanifold with respect to ω R . Then by the equivalence between symplectic quotients and geometric invariant theory quotients [MFK] ,
is the dense open stratum of µ −1 C (ξ C ) in the stratification defined by the gradient flow of the real-valued Morse-Bott-Kirwan function |µ R | 2 : M → R.
Reductions of affine space
Let G be a compact Lie group acting linearly on C n with moment map µ : C n → g * , and let X be the Kähler reduction C n / / α G at a central regular value α. In this section we will define the hyperkähler analogue M of X, which will be a partial compactification of T * X.
We begin by considering the induced G-action on the holomorphic cotangent bundle T * C n ∼ = C n × (C n ) * . If we choose a bilinear inner product on C n , we can coordinatize this representation as {(z, w) | z, w ∈ C n } with g(z, w) = (gz, g −1 w). Choose an identification of H n with T * C n such that the complex structure J 1 on H n given by right multiplication by i corresponds to the natural complex structure on T * C n . Then T * C n inherits a hyperkähler, and therefore also a holomorphic symplectic, structure, with ω R given by adding the standard symplectic structures on C n and (C n ) * ∼ = C n , and ω C = dη, where η is the canonical holomorphic 1-form on T * C n .
Note that G acts H-linearly on T * C n ∼ = H n (where n × n matrices act on the left on H n , and scalar multiplication by H is on the right), and does so hyperhamiltonianly with
The following proposition is proven for the case where G is a torus in [BD] , and the proof in this more general setting is identical.
Proposition 2.1 Let M = H n / / / / (α,0) G be the hyperkähler reduction of H n by G at a central regular value (α, 0) ∈ g * ⊕ g * C . If X is nonempty, then M contains T * X as a dense open subset.
In this paper we will study the action of S 1 on H n ∼ = T * C n given by "rotating the fibers" of the cotangent bundle. The action is given explicitly by τ (z, w) = (z, τ w), and is hamiltonian with respect to the real symplectic structure ω R with moment map Φ(z, w) = 1 2 |w| 2 . Because this action commutes with the action of G, it descends to a hamiltonian action on M, where we will still denote the moment map by Φ. Note that because S 1 acts trivially on z, and by scalars on w, it does not preserve the complex symplectic form ω C (z, w) = dw ∧ dz, and does not act H-linearly.
Proposition 2.2 If the original moment map µ : C n → g * is proper, then so is Φ : M → R.
Proof:
We would like to show that Φ −1 [0, R] is compact for any R. Since
which is proper by the properness of µ. 2
In the case where G is abelian and X is a toric variety, it is easy to see that if the reduction of C n at α is compact and nonempty, then the reduction of C n at any other regular value β would be compact as well, and hence we can conclude that µ is proper. Thus Proposition 2.2 tells us that properness of Φ is equivalent to compactness of X.
Hypertoric varieties
In this section, we restrict our attention to hypertoric varieties, which are the hyperkähler analogues of toric varieties in the sense of Section 2. We begin with the full n-dimensional torus T n acting on C n , and the induced action on H n ∼ = T * C n given by t(z, w) = (tz, t −1 w). This action is hyperhamiltonian with hyperkähler moment map
where {u i } is the standard basis in (t n ) * ∼ = R n . Note that, quite unlike in the Kähler situation, the hyperkähler moment map is surjective onto (t n ) * ⊕ (t n C ) * . Let {a i } 1≤i≤n be nonzero primitive integer vectors in t d ∼ = R d defining a map β : t n −→ t d by ε i → a i , where {ε i } is the standard basis for t n ∼ = R n , dual to {u i }. This map fits into an exact sequence
where t k := ker(β). Exponentiating, we get the exact sequence
whereas by dualizing, we get
where we abuse notation by using ι and β to denote maps on the level of groups as well as on the level of algebras. Consider the restriction of the action of T n on H n to the subgroup T k . This action is also hyperhamiltonian, with hyperkähler moment map given by ι * μ R ⊕ι * Cμ C . We denote by M the hyperkähler reduction of H n by the subtorus T k at the regular value (α, 0) ∈ (t k ) * ⊕ (t k C ) * , which is the hyperkähler analogue of the Kähler toric variety X = C n / / α T k . Choose a lift α ∈ (t n ) * of α along ι * . Then M has a natural residual action of T d with hyperkähler moment map µ HK = µ R ⊕ µ C , defined by the equations β * µ R =μ R −ᾱ and β * C µ C =μ C . Note that the choice of subtorus T k ⊆ T n is equivalent to choosing a central arrangement of cooriented hyperplanes in (t d ) * , where the i th hyperplane is the annihilator of a i ∈ t d . (The coorientation comes from the fact that we know for which x we have x, a i > 0.) The choice of α corresponds to an affinization H of this arrangement, where the i th hyperplane is
and the choice of a liftᾱ corresponds to a choice of constant for the residual real moment map µ R . This means that if we had chosen a different liftᾱ ′ of α withᾱ −ᾱ ′ ∈ ker(ι * ) = im(β * ), then the entire arrangement H would be translated by the element
In order to record the information about coorientations, we define the half-spaces
which intersect in the hyperplane H i . Our convention will be to draw pictures, as in Figure  1 , in which we specify the coorientations of the hyperplanes by shading the polyhedron ∆ = ∩ n i=1 F i (which works as long as ∆ = ∅). Note that the Kähler variety X is precisely the Kähler toric variety determined by ∆. The variety M is an orbifold if and only if H is generic, i.e. if and only if every subset of n + 1 hyperplanes {H i } ⊆ H has empty intersection [BD] . Furthermore, M is smooth if and only if whenever some subset of n hyperplanes {H i } has non-empty intersection, the corresponding vectors {a i } form a Z-basis for Z d ⊆ t d . In this case we will refer to the arrangement itself as smooth. We will always assume that H (and therefore M) is smooth.
The hyperplanes {H i } divide (t d ) * ∼ = R d into a finite family of closed, convex polyhedra
indexed by subsets A ⊆ {1, . . . , n}, i.e. ∆ A is obtained from ∆ by flipping the coorientations of the hyperplanes corresponding to the elements of A. For example, ∆ ∅ = ∆ is the shaded region in Figure 1 , and ∆ {1} is the triangle above ∆. Consider the subset
. We define the core C and extended core D of a hypertoric manifold by setting C = ∪ A∈I M A and
). Bielawski and Dancer [BD] show that C and D are each T d -equivariant deformation retracts of M, and it is easy to check that their deformation is S 1 -equivariant as well.
Lemma 3.1 Let x be an element of (t d ) * , and consider a point
Since z i w i = 0, this is equivalent to the condition w i = 0. The second half of the lemma follows similarly. 2
The following is an easy extension of a theorem of [BD] to the S 1 -equivariant context.
Hence M A is the Kähler reduction of an n-dimensional complex affine space by the subtorus determined by the half-spaces {G i | i ∈ A} and {F i | i / ∈ A}, which is precisely the toric variety determined by ∆ A . The fact that the extended core D is S 1 -invariant is a consequence of the fact that the complex moment map µ C : M → (t d C ) * is S 1 -equivariant with respect to the action of S 1 on (t d C ) * by scalars, and D is the inverse image under µ C of the S 1 -fixed point 0 ∈ (t d C ) * . Then the invariance of each component M A follows from the fact that the real moment map µ R is S 1 -equivariant.
2
We take a minute to discuss the differences between the combinatorial data determining a toric variety X = C n / / α T k and its hypertoric analogue M = H n / / / / (α,0) T k . On the surface, both are determined by H, a generic, cooriented, affine arrangement of n hyperplanes in (t d ) * , defined up to a simultaneous translation of each of the hyperplanes by a single element of (t d ) * . The toric variety X is in fact determined by much less information than this; it depends only on the polyhedron ∆ = ∩ n i=1 F i . Thus if the last hyperplane H n has the property that ∩ n−1 i=1 F i ⊆ F n , then this hyperplane is superfluous to X. This is not the case for M, which means that it is slightly misleading to call M the hyperkähler analogue of X; more precisely, it is the hyperkähler analogue of a given presentation of X as a Kähler reduction of C n . On the other hand, the T d -equivariant diffeomorphism type of M also does not depend on all of the information of H. This means that, unlike that of X, the T d -equivariant diffeomorphism type of M depends only on the unoriented central arrangement underlying H.
Proof of 3.3:
It is easy to check that the set of non-regular values for ι * μ R ⊕ ι * Cμ C has codimension 3 inside of (t d ) * ⊕ (t d C ) * . This tells us that the set of regular values is simply connected. Choosing a path of regular values connecting (α, 0) to (α ′ , 0) gives us a T dequivariant diffeomorphism between M α and M α ′ , and simple connectivity tells us that the map on cohomology is independent of our choice of path.
Proof of 3.4: It suffices to consider the case when we change the orientation of a single hyperplane within the arrangement. Changing the coorientation of a hyperplane H l is equivalent to defining a new map β ′ : t n → t d , with β ′ (ε i ) = a i for i = l, and −a i for i = l. This map exponentiates to a map β ′ : T n → T d , and we want to show that the hyperkähler manifold obtained by reducing H n by the torus ker(β ′ ) is isomorphic to M, which is obtained by reducing H n by the torus T k = ker(β). To see this, note that ker(β ′ ) and ker(β) are conjugate inside of M(n, H) by the element (1, . . . , 1, j, 1, . . . , 1) ∈ M(1, H) n ⊆ M(n, H), where the j appears in the l th slot. 2
Example 3.5 The three cooriented arrangements of Figure 2 all specify the same hyperkähler manifold M up to equivariant diffeomorphism. The first has X ∼ = F 1 (the first Hirzebruch surface) and the second and the third have X ∼ = CP 2 . Note that if we flipped the coorientation of H 3 in Figure 2 (a) or 2(c), then we would get a non-compact X ∼ =C 2 , the blow-up of C 2 at a point. If we flipped the coorientation of H 3 in Figure 2(b) , then X would be empty. (This would be fine; we make no assumptions about X in this section.) The purpose of this paper is to study not just the topology of M, but the topology of M along with the natural hamiltonian S 1 action defined in Section 2. In order to define this S 1 action, it is necessary that we reduce at a regular value of the form (α, 0) ∈ (t d ) * ⊕ (t d C ) * , and although the set of regular values of µ HK is simply connected, the set of regular values of the form (α, 0) is not even connected. Furthermore, left multiplication by (1, . . . , 1, j, 1, . . . , 1) ∈ U(n, H) is not an S 1 -equivariant automorphism of H n , therefore the geometric structure of M along with a circle action may depend nontrivially both on the affine structure and the coorientations of the arrangement H. Indeed it must, because we can recover X from M by taking the minimum Φ −1 (0) of the S 1 moment map Φ : M → R. In this sense, the structure of a hypertoric variety M along with a circle action is the universal geometric object from which both M and X can be recovered. In Section 5, we will see that the S 1 -equivariant cohomology ring of M is sensitive to the coorientations as well as the affine structure of H.
We conclude the section by computing the gradient flow of Φ restricted to the extended core D, and as a consequence find the S 1 -fixed points
On the submanifold M A we have z i = 0 for all i ∈ A and w i = 0 for all i / ∈ A, therefore for τ ∈ S 1 and [z, w] ∈ M A ,
In other words, the S 1 action on M A is given by the one dimensional subtorus (τ 1 , . . . , τ n ) of the original torus T n , hence the moment map Φ| M A is given (up to an additive constant) Proof: To each A ∈ I, we associate the fixed subvariety M B A corresponding to the face of ∆ A on which the linear functional i∈A a i is minimized, so that M A is the unstable manifold of M B A with respect to the gradient flow of Φ. 2 Example 3.9 In Figure 3 , representing a reduction of H 5 by T 3 , we choose a metric on (t 2 ) * in order to draw the linear functional i∈A a i as a vector in each region ∆ A . We see that M S 1 has three components, one of them X ∼ = F 1 , one of them a point, and one of them a projective line.
Line bundles and cohomology
In this section we review Konno's presentations of H * (M) [K1] and H * T d (M) [K2] for a smooth hypertoric variety M, deriving and describing the relations in a way that we will be able to extend to the S 1 -equivariant setting in Section 5. All cohomology rings, unless otherwise specified, will have integer coefficients. 3 For any element h ∈ (t n Z ) * ∼ = H * T n (H n ; Z), letL h = H n × C h be the T n -equivariant line bundle on H n with equivariant Euler class h, and let L h be the T d -equivariant line bundlẽ
Note that if ι * h = ι * h ′ , thenL h will be isomorphic toL h ′ as an ordinary line bundle, but will carry a different action of T d . Let {u i } be the standard basis of (t n Z ) * . We will denote byL i the bundleL u i , and denote its equivariant Euler class by e(L i ). Since this class is the image of u i under the hyperkähler Kirwan map H * T n (H n ) → H * T d (M), we will abuse notation and denote e(L i ) by u i .
Consider the T n -equivariant sections i ofL i given by the functions
Thus the divisor Z i represents the cohomology class u i , and W i represents −u i . Note that µ R (Z i ) = F i and µ R (W i ) = G i for all 1 ≤ i ≤ n.
Given any set S ⊆ {1, . . . , n} such that ∩ i∈S H i = ∅, there exists a splitting (unique if S is minimal) S = S 1 ⊔ S 2 such that
The section (⊕ i∈S 1 s i ) ⊕ (⊕ i∈S 2 t i ) is a nonvanishing equivariant global section of E S , hence for any such S, e(E S ) is trivial in H * T d (M). Konno proves that these are all of the relations:
Theorem 4.1 [K2] The T d -equivariant cohomology ring of M is given by
Remark 4.2 This is precisely the Stanley-Reisner ring of the unoriented matroid determined by the arrangement H [HS] .
Just as the cohomology of a toric variety is obtained from the equivariant cohomology by introducing linear relations that generate ker(ι * ) = ker(β) ⊥ , the same is true for hypertoric varieties:
Theorem 4.3 [K1] The ordinary cohomology ring of M is given by
Example 4.4 If M is the hypertoric variety given by any of the arrangements in Example 3.5, then H * Figure 1 , ker(β) is generated by e 2 + e 3 and e 1 − e 2 + e 4 , therefore ker(ι * ) is generated by u 1 + u 2 − u 3 and u 1 − u 4 , and
Though each of the other figures in Example 3.5 has a different β, Lemmas 3.3 and 3.4 tell us that all four cohomology rings will be isomorphic, and this is indeed easy to check explicitly.
S 1 -equivariant cohomology
In this section we give presentations for H * S 1 (M) and H * T d ×S 1 (M). These presentations are combinatorial in nature, but unlike the rings in Section 4, these depend nontrivially both on the oriented matroid and on the affine structure of H. 4 Throughout this section and the next, we will make use of the principle of equivariant formality, which we formulate once and for all in the following proposition, which is proven for compact manifolds in [Ki] .
Proposition 5.1 Let M be a symplectic manifold, possibly noncompact but of finite topological type. Suppose that M admits a hamiltonian action of a torus T × S 1 , and that the S 1 -component Φ : M → R of the moment map is proper and bounded below. Then
as a module over H * S 1 (pt). Proof: Because Φ is a moment map, it is a Morse-Bott function such that all of the critical submanifolds and their normal bundles carry almost complex structures. Thus we get a Morse-Bott stratification of M into even-dimensional T -invariant submanifolds. This tells us, as in [Ki] , that the spectral sequence associated to the fibration M֒→EG × G M → BG collapses, and we get the desired result.
For the sake of simplicity, we will henceforth restrict our attention to the case where X is compact and nonempty. This assumption will only be relevant for the application of Proposition 5.1 and the proof of Theorem 6.1, both of which require a proper Morse function, which we get from Proposition 2.2. We note, however, that both Proposition 5.1 and Theorem 6.1 can be extended to the case of a general hypertoric variety by a Mayer-Vietoris argument, using the fact that the core C ⊆ M is a compact T d × S 1 -equivariant deformation retract. We present the slightly less general Morse theoretic proofs only because we find them more pleasant.
The key to our computation of H * S 1 (M) and H * T d ×S 1 (M) will be to endow the line bundles L i and L * i with S 1 actions in such a way that the sections s i and t i defined in Section 4 will be S 1 -equivariant. Once we have done this, we will be able to find equivariant vector bundles with vanishing T d × S 1 -equivariant Euler classes, analogous to the vanishing T d -equivariant Euler classes in Section 4. Let S 1 act onL i = H n × C u i by the formula τ ((z, w) , λ) = ((z, τ w) , λ) , in other words let S 1 act trivially on the fiber, and consider the induced action of S 1 on L i . Since the coordinate function z i on H n is S 1 -invariant, the functions i (z, w) = z i defines a T d × S 1 -equivariant section ofL i , which descends to a T d × S 1 -equivariant section s i of L i . As in Section 4, we use u i to denote the equivariant Euler class, and we have
On the other hand, let S 1 act onL * i by the formula τ ((z, w) , λ) = ((z, τ w) , τ λ) , and consider the induced action of S 1 on L * i . As above, the coordinate functiont i (z, w) = w i is T d ×S 1 equivariant, and therefore defines a T d ×S 1 -equivariant section t i of L * i . We denote by the equivariant Euler class of L * i by v i , and we have
It is important to note that the S 1 action that we have put on L * i is not dual to the S 1 action that we have put on L i , therefore u i and v i are not additive inverses in H * T d ×S 1 (M). Instead, L i ⊗ L * i is a T d -equivariantly trivial line bundle equipped with an action of S 1 by scalars, therefore u i + v i is equal to the image of x under the natural map from H * S 1 (pt) = Z[x] to H * T d ×S 1 (M).
Theorem 5.2 Let M be the hypertoric variety corresponding to a smooth, generic, cooriented arrangement H. Given any minimal set S ⊆ {1, . . . , n} such that ∩ i∈S H i = ∅, let order. One can check that the only degree 4 classes in H * T d ×S 1 (M a ) that annihilate u 2 are multiples of u 3 , whereas in H * T d ×S 1 (M c ), u 2 is killed by (x − u 1 )(x − u 4 ) and u 3 is killed by u 1 u 4 . Hence u 2 can be taken neither to a multiple of u 2 nor of u 3 , therefore the rings cannot be isomorphic.
The ring H * S 1 (M), on the other hand, is sensitive to coorientations as well as the affine structure of H.
Example 5.5 We now compute the ring H * S 1 (M) for M a , M b , and M c of Figure 2 . Theorem 5.3 tells us that we need only to quotient the ring H * T d ×S 1 (M) by ker(ι * ). Recall from Example 4.4 for M a , we have ker(ι * a ) generated by u 1 + u 2 − u 3 and u 1 − u 4 , hence we have
Since the hyperplanes of 2(c) have the same coorientations as those of 2(a), we have ker(ι * b ) = ker(ι * a ), hence
Finally, since Figure 2 (b) is obtained from 2(a) by flipping the coorientation of H 2 , we find that ker(ι * b ) is generated by u 1 − u 2 − u 3 and u 1 − u 4 , therefore
It is easy to see that H * S 1 (M b ) is not isomorphic to either H * S 1 (M a ) or H * S 1 (M c ) by checking that neither x − u 2 nor u 3 , the two unique (up to scale) linear factors of the only degree 4 relation in H * S 1 (M b ), cube to zero in H * S 1 (M b ). The fact that H * S 1 (M a ) and H * S 1 (M c ) are not isomorphic can be inferred from the fact that the second relation in H *
Remark 5.6 Theorems 5.2 and 5.3 can be interpreted in light of the recent work of Hausel and Sturmfels [HS] on Lawrence toric varieties. The Lawrence toric variety N associated to the arrangement H is the Kähler reduction T * C n / /T k , so that M sits inside of N as the complete intersection cut out by the equation ι * μ C (z, w) = 0. The residual torus acting on N has dimension d + n, and includes the (d + 1)-dimensional torus T d × S 1 acting on M, and the inclusion of M into N induces an isomorphism on T d × S 1 -equivariant cohomology. One can use the same geometric arguments that were applied to prove Theorem 5.2, or the purely combinatorial approach of [HS] , to show that
From here we can recover H *
is the fixed point set of the involution of T d given by complex conjugation. 5 In this section we will study the geometry of the real locus, focusing in particular on the properties of the residual Z 2 -action.
A proof of a more general statement of the following theorem is forthcoming in [HH] .
i.e. the rings are isomorphic by an isomorphism that halves the grading. Furthermore, this isomorphism identifies the class
Sketch of Proof: Consider the injection H * G (M; Z 2 )֒→H * G (M G ; Z 2 ) given by the inclusion of the fixed point set into M. The essential idea is to show that a class in H * G (M G ; Z 2 ) extends over M if and only if it extends to the set of points on which G acts with a stabilizer of codimension at most 1, and then to show that a similar statement in G R -equivariant cohomology also holds for the real locus M R with its G R action. One then uses a canonical isomorphism H 2 G (pt, Z 2 ) ∼ = H 1 G R (pt, Z 2 ) to give the result. The key to the proof is a noncompact G R version of the proposition in [TW] stating that the G R -equivariant Euler class of the negative normal bundle of a critical point p is not a zero divisor, which can be shown explicitly using a local normal form for the actions of G and G R . The proposition then follows from standard G R versions of the Thom isomorphism theorem with coefficients in Z 2 . Since a component of the moment map is proper, bounded below, and has finitely many fixed points, one can then check that the inductive argument given in [TW] to complete their proof also holds in this case. 2
Let us consider the restriction of the hyperkähler moment map µ HK = µ R ⊕ µ C to M R . Since z and w are real for every [z, w] ∈ M R , the map µ C takes values in t d R ⊆ t d C , which we will identify with iR n , so that f = µ R | M R ⊕ µ C | M R takes values in R n ⊕ iR n ∼ = C n . Note that f is Z 2 -equivariant, with Z 2 acting on C n by complex conjugation. Lemma 6.2 The map f : M R → C n is surjective, and the fibers are the orbits of T R d . The stabilizer of a point x ∈ M R has order 2 r , where r is the number of hyperplanes in the complexified arrangement H C containing the point f (x).
Proof: For any point p = a + bi ∈ C n , choose a point [z, w] ∈ M such that µ R [z, w] = a and µ C [z, w] = b. We can hit [z, w] with an element of T d = T n /T k to make z real, and the fact that µ C [z, w] ∈ R n forces w to be real as well, hence we may assume that [z, w] ∈ M R . Then
The second statement follows easily from [BD] .
Let Y ⊆ M R be the locus of points on which T R d acts freely, i.e. the preimage under f of the space M(H) := C n \ ∪ n i=1 H C i . The inclusion map Y ֒→M R induces maps backward on cohomology, which we will denote φ : H * T R d (X; Z 2 ) → H * T R d (Y ; Z 2 ) ∼ = H * (M(H); Z 2 ) and φ 2 : H * T R d ×Z 2 (X; Z 2 ) → H * T R d ×Z 2 (Y ; Z 2 ) ∼ = H * Z 2 (M(H); Z 2 ). The ring H * (M(H); Z) has been studied extensively, and is called the Orlik-Solomon algebra [OT] , hence we will denote the ring H * (M(H); Z 2 ) ∼ = H * (M(H); Z) ⊗ Z 2 by OS 2 . The remarkable fact about the Orlik-Solomon algebra is that it depends only on the combinatorial structure of H [OS]:
OS 2 ∼ = Z 2 [e 1 , . . . , e n ]/ Π i∈S e i | ∩ i∈S H i = ∅ + e 2 i | i ≤ n ,
where deg(e i ) = 1, and the relations e 2 i come from the fact that these classes descend from integer cohomology classes, which anti-commute in degree 1. Claim 6.3 The map φ takes u i to e i , hence ker(φ) is generated by the set {u 2 i | i ≤ n}.
Proof: Recall from Section 3 that the hyperplane H i ⊆ (t d ) * is defined by the equation x, a i = −ᾱ, ε i . Let η i : C n → C be the affine map taking x to x, a i + ᾱ, ε i , so that H C i is cut out of C n by η i . Then η i restricts to a map M(H) → C * , and Orlik and Terao [OT] define e i to be the cohomology class represented by the pull-back of the divisor R − (the negative reals) along η i . Theorem 6.1 tells us that the cohomology class u i is represented by the divisor Z i ∩ M R . By Lemma 3.1, f (Z i ∩ M R ) = G i ∩ R n , hence φ(u i ) is the class represented by the divisor G i ∩ R n ∩ M(H) = η −1 i (R − ). 2
